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Executive Summary

We present a framework to evaluate Revenue-Based contracts, with different
clauses. The framework is used in a practical application.
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Revenue-Based Financing (RBF) has recently experienced remarkable growth among
private companies. In a nutshell, RBF is an alternative funding model in which
investors provide capital to a business in exchange for a fixed percentage of the

business’s future gross revenues.
There are both advantages and disadvantages for debtor companies when they access this
form of financing, and we will examine them below. We will also show that, under the
umbrella of RBF, several funding schemes can be grouped together, even though we will
focus on the pricing and contract evaluation of arrangements strictly linked to cash flows
derived from the company’s revenues.
More specifically, we will outline a framework for evaluating RBF contracts that accounts for
the main features of typical agreements and the risk factors affecting their value. In some
cases, this framework can be easily adapted and extended to different types of agreements,
as we will see below.

1. An Overview of Revenue-Based Finance

Revenue-Based Financing is a form of alternative funding that may be preferable to more
traditional financing contracts for several reasons. Firstly, it is non-dilutive, as it does
not involve equity shares; secondly, it allows for flexible repayments, since payments are
proportional to the revenues generated by the business; thirdly, unlike most traditional
loans, no collateral is required, whether in the form of personal guarantees or assets.
To these advantages, one can also add the typically faster access to funding offered by RBF
compared to loans granted through the banking channel, and the alignment of interests
between the debtor company and the financing investor, since the loan’s repayment depends
on actual future business revenues.
On the other hand, RBF also has some disadvantages: the cost of capital is typically higher
than traditional funding; it is not ideal for seasonal or volatile businesses, as investors prefer
constant and stable repayments; the impact on available cash can be significant, especially
when repayment is based on monthly revenues; finally, the size of funding is limited and
usually smaller than equity rounds or traditional loans.
Different funding arrangements can fall under the definition of "Revenue-Based Finance".
In Table 1, we provide a quick summary of the types of contracts and their main repay-
ment terms. The first three-Merchant Cash Advances, Royalty-Based Financing, and SaaS
(Software-as-a-Service) Financing-are the only ones strictly aligned with the definition
provided above: repayment derives from the stream of revenues generated by the business.
These revenues can originate, respectively, from sales, from fees related to royalties, or from
fees for the use of software products.
The last two types of contracts, Invoice Financing and Inventory Financing, are indirectly
related to the revenues of debtor companies. Invoice Financing is currently a very common
funding product for working capital, and many web-based platforms provide the infras-
tructure for smooth processing of all phases of the negotiation between companies and
financing investors. The basic features of this financing arrangement are presented and
analysed in Castagna [1]. Inventory Financing, although still related to the company’s sales,
is a form of financing collateralised by the inventory of products: it is suitable only for
businesses selling physical goods.
In this work, we will focus on the first three types of contracts. The evaluation framework
outlined below can be applied to all of them, their differences being mainly terminological.
Apart from the typical (implicit) duration of each of the three contracts, the mechanics of
the funding arrangement can be summarized in the following points:
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TABLE 1: Types of revenue-based contracts and their main features.

• The company receives upfront funding from the investor.

• The business agrees to pay a fixed percentage (typically 5-15%) of recurring rev-
enues for a given period; for example, monthly recurring revenues (MRR) or annual
recurring revenues (ARR).

• Payments continue until the investor receives a multiple of the original investment
(e.g., 1.4x); this amount is usually termed the repayment cap.

We can delve into each of these points to analyse some usual contract terms.

Lent Amount
Generally, the debtor company receives a given sum of funds at the inception of the contract;
the repayment amount is typically expressed as a multiple of the lent amount.
Sometimes, the contract terms provide for a notional amount from which an upfront fee is
deducted. This net amount is what is actually lent to the debtor company, which will then
make payments in the future based on business revenues until the notional amount is fully
repaid. The difference between the "multiple" and "upfront fee" methods of indicating the
lent amount and the repayment cap is merely semantic, with no impact on the financial
evaluation when the two alternatives are brought to comparable actual lent amounts.

Expiration Date
As can be easily seen from the points above, there is no fixed end date, and the contract
duration depends on revenue performance: higher-than-expected recurring revenues will
accelerate repayment and hence shorten the expected duration, while the opposite will
occur with lower-than-expected revenues.
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In some cases, to protect the lender from an unreasonably long duration if revenues per-
manently collapse, a term date can be set in the contract. If this is the case, upon the term
date all the outstanding lent amount is repaid to the lender, regardless of the percentage
that this amount represents with respect to the revenues of the last reference period. When
a term date is provided in the contract, the maximum duration of the contract is known,
whereas the amounts on each repayment date still depend on business revenues-except for
the last one.

Types of Revenues
An RBF contract typically defines "revenues" as the cash receipts generated by the business
activity during the reference period: a dedicated bank account that can be monitored by
the lender is set up by the borrower, and all cash receipts are paid into it.
A much less common variation, for companies not selling to retail clients but only to other
businesses, is the definition of revenues as all invoices issued in a given period, regardless
of their actual payment by the client. In this case, outstanding invoices issued during the
reference period can be transferred to the lender, who will receive payment directly from
the clients. The transfer of invoices can be with or without recourse, depending on whether
the borrower remains ultimately liable for any missing payments for any reason.
The cash flows needed for the repayment are those generated by the overall business of
the debtor company, but in some cases they can originate from specific receivables that
are transferred to the lender. As an example, in royalty-based and SaaS financing, the
underlying contracts can be transferred to the lender so that the cash flows paid by the
counterparties of these contracts are (possibly fractionally) used to repay the loan. In
addition, invoices issued by the debtor company when the loan starts-or to be issued at
future dates-can be transferred to the lender, and the cash flows arising when they are paid
by the debtor’s clients are directly used to repay the debt.

Repayment of the Lent Amount
The repayment of the amount by the debtor is made at the end of each reference period
and consists of a share, or rate, of the business revenues or receipts from a royalty or SaaS
contract (e.g.: 5% of monthly recurring revenues).
Sometimes, a floor can be provided in the contract, so that repayment at the end of a
reference period occurs only if business revenues exceed a given amount. If this is the
case, a floor may slow down the repayment of the lent sum and extend the duration of the
contract, if a term date is not specified.

Default Risk
The main credit risk that the lender bears is that the borrower defaults: if the business of
the debtor does not generate sufficient revenues to cover costs, the default of the debtor
company becomes inevitable, and the lender will likely suffer a loss on the outstanding
lent amount. This case applies to RBF contracts where business cash receipts received by
the debtor company are used to repay the debt. When revenues are collected directly by
the lender through the assignment of invoices-whose payment produces the cash to repay
the debt-we must also consider the default risk of the debtor company’s clients, depending
on the terms of the RBF contract. In more detail, we may have two cases:

• Full Recourse Loan;

• Limited Recourse Loan.
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In the first case, the debtor company is liable for all missing invoice payments by its clients,
so the relevant default risk to consider in evaluating an RBF contract is only that of the
borrower. In the second case, the lender bears the risk of missed payments, even if no
immediate loss on the outstanding capital occurs. In fact, if one or more invoices are
not paid, the repayment of the lent amount is smaller than expected, but it can still be
completed in the future. Only if the debtor company defaults and business activity stops
does the lender suffer a loss on the unpaid portion of the loan.
We stress that the RBF contract provides for the assignment of a fraction of invoices issued
in the future, with client companies that may not be identified at the inception of the
financing. Thus, we refer to the assignment of invoices to a generic client company: this
implies that there is always a surviving generic company whose invoices are transferred
to the lender, and the default of this generic client could be material only during a short
period of time, i.e., the time span between the assignment and the expiry of the invoices.
Consider, for example, the assignation to the lender of some invoices issued by the debtor
company, at some point in the future, so that their payment by the client companies provide
the funding for a repayment instalment: in this case, the client company default is relevant
only between the assignation date and the expiry date of the invoices. It is quite likely that
the RBF contract starts on a date long before the invoices are issued, so that lent amount
can be actually seen as a payment in advance for the purchase of invoices to be issued in
the future (e.g.: one year), that are due according to the terms of the business relationship
between the debtor and client companies, (e.g.: one month after the issuance).
On the other hand, the default of the debtor company is always relevant, even before
the issuance and sale of the account receivables, since when its default occurs, no more
revenues will be produced and, consequently, no more invoices can be transferred. Because
the invoices are paid by the buyer of the revenue-based claim at the inception of the
contract-possibly before the invoices are issued and transferred-the default of the debtor
company likely causes a larger loss.
Also in royalty- and SaaS-based contracts, the default risk of the client company should
be included in the evaluation of the RBF according to the type of arrangement, which can
provide for full or limited recourse to the borrower, as in the case of invoice assignment.
With full recourse, the debtor company (e.g., a SaaS company) bears the client’s default risk:
if the SaaS or royalty-paying client does not pay or terminates the contract, the borrower
is obligated to repay the outstanding amount of the loan, just like a normal debt. Thus,
SaaS revenues are the source of the cash flows used to repay the debt, but if they stop for
any reason, there is no limitation of liability for the debtor company. In evaluating an RBF
contract, the default risk that matters is only that of the debtor, since it is ultimately liable
for full repayment of the debt.
With limited recourse, the risk of default of the client company falls on the lender, since
repayment of the debt is limited to actual receipts from the SaaS contract. So, if the client
defaults or the contract revenue stops for any other reason, repayment ends and the lender
cannot recover the full lent amount. In this case, the evaluation of an RBF contract should
take into account the default risk of the client company and the default risk of the debtor
company if this entails termination of the royalty or SaaS contract with the client, as is
usually the case.
In royalty- and SaaS-based loans, the counterparty of the underlying contract is typically
identified at the start of the agreement, so we are not considering a generic client but a
specific company. This means that the default risk of the debtor’s client is relevant at any
time during the duration of the RBF contract and not just for limited periods, as we saw
before in the case of invoice transfers.
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TABLE 2: Relevant default risks to consider in the evaluation of different RBF contracts.

A summary of the relevant default risks for the different types of RBF contracts is shown in
Table 2.
In what follows, we will focus on financing contracts strictly referring to the business
revenues of the debtor company, since it is not particularly difficult to handle royalty- and
SaaS-based contracts using standard approaches. In fact, the stream of receipts deriving
from royalties and SaaS contracts is usually well defined in the agreements and does not
require any special modeling treatment. If these receipts are stochastic, the modeling
approach adopted for business revenues can be straightforwardly applied to royalties or
SaaS receipts.

2. Modelling the Revenues of the Debtor Company and Other
Relevant Risk Factors

To evaluate RBF contracts, we need a framework that considers all relevant risk factors: we
must stress that most of these factors cannot be, directly or indirectly, traded on the market.
As such, we have to consider real-world stochastic processes and assume an equilibrium
model that includes risk premia, allowing the passage to risk-neutral processes and, hence,
risk-neutral evaluation.

Credit Risk
The default of the debtor company is modeled following a reduced-form approach, i.e., by
directly modeling the default event as a jump process. In more detail, let Λt = 1t≥τ be the
indicator function of the event "default" at time τ. It is a stochastic process, specifically a
Poisson process. If λ is assumed to be the instantaneous arrival intensity rate, then we have:

E[dΛt] = λ dt.

We assume that the default intensity follows (in the real world) as square-root mean
reverting process, or a CIR process (from the Cox, Ingersoll and Ross, who used this process
for the instantaneous interest rate, see [3]):

dλ(t) = κλ[θλ − λ(t)]dt + σλ

√
λ(t) dZλ(t). (1)

We define the survival probability SP(t, T) between time t and T as:

SP(t, T) = E
[

e−
∫ T

t λ(s)ds
]

, (2)
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which admits an explicit solution in the CIR setting, as shown below.
For the evaluation of some revenue-based contracts, it is useful to introduce an additional
risk factor: the probability of default of the clients of the debtor company. The receivables
transferred to the lender generate the cash flows that repay the debt: when the debtor’s
client company goes bust, the revenue-based claim suffers a missed payout (which can be
covered by the debtor if full recourse is allowed, see above).
To model this risk, in case the RBF contract provides for the assignment of invoices, we
assume that the receivables are paid by a representative generic client company; when the
client company can be unequivocally identified, the default refers to this specific company.
Let Ξt = 1t≥τc be the indicator function of the event "default" of the client company at time
τc. As in the case of the debtor company’s default, it is a stochastic process, specifically a
Poisson process, with instantaneous arrival intensity rate ξ, so that:

E[dΞt] = ξ dt.

Also in this case, the default intensity follows the square-root mean reverting process:

dξ(t) = κξ [θξ − ξ(t)]dt + σξ

√
ξ(t) dZξ(t). (3)

The survival probability SPc(t, T) between time t and T is:

SPc(t, T) = E
[

e−
∫ T

t ξ(s)ds
]

. (4)

Whether to include or not, and to what extent, the default risk of the client of the debtor
company depends on the terms of the RBF contract, as we showed above.

Revenues
Business revenues are modelled with respect to the reference period provided for in the
contract: we saw above that the repayment of the loan is made by means of a fraction of the
recurring revenues generated in a given period (say, one month). So, we need to model the
recurring revenues for this period of time. Let us denote them with V∗ and assume they
follow the process:

dV∗(t) = µV∗(t) dt + σVV∗(t) dZV(t). (5)

This is a standard geometric Brownian motion widely used in finance: it is a continuous
process, but in practice observed only at the end of each reference period. More specifi-
cally, given the duration of the loan contract [0, T], which includes N end-of-period dates
T1, T2, . . . , TN , the process V∗(t) will be observed-and hence its value measured-on these N
end-of-period dates (for example, at every month-end). It should be stressed that V∗ does
not represent cumulative revenues over the interval [0, T]: it refers only to the revenues
for each reference period within the duration of the loan contract, which are fictitiously
assumed to follow a continuous process, even though their value matters only at the levels
attained on the N end-of-period dates.
Now define two processes: the revenue process V∗(t), which ignores any effect of a default
event; the process V(t), which equals V∗(t) before default occurs, that is V(t) = V∗(t) · 1t<τ,
and it drops to 0 after the default event, so that it can be written as:

V(t) = 0, t > τ.
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Applying the Ito’s lemma and the analogous lemma for the Poisson process, one gets the
following dynamics for the process V(t):

dV(t) = µV(t) dt + σVV(t) dZV(t) + [V(τ)− V(t)] dΛ(t). (6)

It is useful to note that, since V(τ) = 0, we have that the expectation of the last term of the
SDE (6) is equal to E[−V(t)dΛ(t)] and it can be written as:

E[−V(t)dΛ(t)] = E[−V(t)|dΛ(t) = 1]E[dΛ(t)] = −V(t)λ(t) dt,

so that the dynamics of the revenues is:

dV(t) = [µ − λ(t)]V(t) dt + σVV(t) dZV(t). (7)

The process V(t) may be useful to include in a compact fashion the debtor’s default risk in
the evaluation formulae.

Interest Rate
Interest rates are modelled through the evolution of the instantaneous rate, which assumed
to follow a mean-reverting square root model as in Cox, Ingersoll and Ross [3]:

dr(t) = κr[θr − r(t)] dt + σr

√
r(t) dZr. (8)

The price at time t of a zero-coupon bond P(t, T) expiring at time T can be calculated as:

P(t, T) = E
[

e−
∫ T

t r(s)ds
]

, (9)

which admits a closed-form solution in our setting (see below). The price of a zero-coupon
bond can also be seen as the discount factor applied to future cash flows to compute their
present value.

3. Evaluation of Revenue-Based Claims

To evaluate revenue-based claims (or, more generally, contracts), we must consider that
most risk factors cannot be hedged with market instruments: no contract on revenues, nor
CDS on a small company (the typical debtor), is actively traded on the market; only interest
rates can be hedged through contracts traded on the market. Therefore, we cannot resort
to pricing via a replicating portfolio á la Black&Scholes; instead, we need an equilibrium
model such as the one described in Cox, Ingersoll, and Ross [2].

3.1 The PDE of Revenue-Based Claims

A claim on the revenues of a company can be mathematically defined as a function
J(V(t), r(t), λ(t), ξ(t), t) with a dynamics defined as:

dJ(V(t), r(t), λ(t), ξ(t), t) = µJ(V(t), r(t), λ(t), t) dt

+ σJ(V(t), r(t), λ(t), t)dZJ + [J(τc)− J(t)] dΞ(t),
(10)

The value of the claim depends on time, revenues, interest rates and the default risks of the
debtor and client companies. The default of the client company directly affects the value
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of the claim through the term [J(τc)− J(t)], d, Ξ(t), whereas the default risk of the debtor
company directly affects the revenues and thus indirectly the value of the claim.
By setting J(τc) = 0 (i.e.: the claim is worth nil when the client company defaults), from
Ito’s lemma, simplifying the notation, the drift of the claim is:

1
2

σ2
VV2 JVV +

1
2

σ2
r rJrr +

1
2

σ2
λλJλλ +

1
2

σ2
ξ ξ Jξξ

+ µV JV + κr(θr − r)Jr

+ κλ(θλ − λ)Jλ + κξ(θξ − r)Jξ

− λV JV − ξ J + Jt − ξ J

(11)

where Jx and Jxx indicate, respectively, the first and second derivatives of the claim value
function J with respect to the variable x (we have also slightly lightened the notation).
On the other hand, in an economy described in Cox, Ingersoll and Ross [2] and under the
assumption in Cox, Ingersoll and Ross [3], no-arbitrage conditions imply that any claim
whose value depends on the price of the revenues’ value must have an instantaneous drift
equal to: (

r + πVV
JV

J
+ πrr

Jr

J
+ πλλ

Jλ

J
+ πξξ

Jξ

J

)
J,

where πi, i ∈ {V, r, λ, ξ} are the market prices of risk for the three factors respectively.
By equating the drift in SDE (10), explicitly derived by means the Ito’s lemma, to the drift
obtained on no-arbitrage conditions, we have:

1
2

σ2
VV2 JVV +

1
2

σ2
r rJrr +

1
2

σ2
λλJλλ +

1
2

σ2
ξ ξ Jξξ

+ (µ − πV)V JV + [κr(θr − r)− πrr]Jr

+ [κλ(θλ − λ)− πλλ]Jλ + [κξ(θξ − r)− πξξ]Jξ

+ Jt − λV JV − ξ J = rJ.

(12)

In PDE (12), the drift of all risk factors (V, r, λ, ξ) can now be considered risk-adjusted by
the appropriate market price of risk, so that the drift of the claim (LHS of the PDE) equates
to the yield of a risk-free asset, i.e., the interest rate. The value of any claim depending
on the four risk factors is the solution of PDE (12), given the terminal condition and the
boundary conditions provided by the pay-out at expiry and, possibly, other contract terms.

3.2 Revenue-Based Zero-Coupon Bond

We will price a revenue-based zero-coupon bond for the different variations of RBF contracts
examined above with respect to credit risk. We start with the Full Recourse clause, and
then analyse the contracts with the Limited Recourse clause. In both cases, we will consider
whether the invoice assignment determines how the repayment is made.

3.2.1 Full Recourse Clause

Base Case
We define the revenue-based zero-coupon bond as an asset paying a fraction ω of the
revenues V(T) collected during the reference period ending at time T. Let t be the
evaluation time, and let H(V, r, λ, t, T) denote the value at time t of the revenue-based

12 www.iasonltd.com
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zero-coupon bond: it is the solution of PDE (12) with a terminal condition equal to the
pay-out. The solution can be expressed as an expectation under the risk-neutral measure Q:

H(V, r, λ, t, T) = EQ
[

e−
∫ T

t r(s)dsωV(T)1{τ>T}

]
.

The indicator function 1{τ>T} accounts for the default of the debtor company, so that the
revenue-based zero-coupon bond pays out the fraction of the revenue only if the company
survives up to time T.
The expected value H(V, r, λ, t, T) is:1

H(V, r, λ, t, T) = HFR(t, T) = ωP(r, t, T)VtN(λ, t, T), (13)

where N(t,T) is:
N(λ, t, T) = C(t, T)e−λ(t)D(t,T)e(µ−πV)(T−t),

C(t, T) =

[
2ϕe

(κλ+ψ+πλ)(T−t)
2

(κλ + ϕ + πλ)
(
eϕ(T−t) − 1

)
+ 2ϕ

] 2κλθλ
σ2

λ

,

D(t, T) =
2
(

eϕ(T−t) − 1
)

(κλ + ϕ + πλ)
(
eϕ(T−t) − 1

)
+ 2ϕ

,

ϕ =
√
(κλ + πλ)

2 + 2σ2
λ.

The quantity N(λ, t, T) includes the survival probability of the debtor company, so that we
can also write:

N(λ, t, T) = SP(t, T)e(µ−πV)(T−t).

Where SP(t, T) = C(t, T)e−λ(t)D(t,T).
The quantity P(r, t, T) is the price of an interest rate zero-coupon bond:

P(r, t, T) = A(t, T)e−r(t)B(t,T),

A(t, T) =

[
2γ e

(κr+γ+πr)(T−t)
2

(κr + γ + πr)
(
eγ(T−t) − 1

)
+ 2γ

] 2κrθr
σ2

r

,

B(t, T) =
2
(

eγ(T−t) − 1
)

(κr + γ + πr)
(
eγ(T−t) − 1

)
+ 2γ

,

γ =

√
(κ + πr)

2 + 2σ2
r .

The proof is in the Appendix A.1.

Assignment of Invoices
We define the revenue-based zero-coupon bond as an asset paying a fraction ω of the
revenues at time V(T). Let t be the evaluation time: the pay-out is given by the payment of
one or more invoices by the representative client company; the invoices are issued before T
with expiry at time S ≥ T (T is the end of the reference period of the RBF contract) and are
transferred at T to the buyer of the zero-coupon bond.

1The solution for the expected value can be derived using standard techniques for affine processes and
properties of the square-root mean-reverting SDE.
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If the debtor company has not defaulted before T, the transfer of the invoices is possible;
otherwise, the revenue-based zero-coupon bond expires worthless. Additionally, with the
Full Recourse clause in force, if the client of the company (i.e., the payer of the invoices)
defaults, the lender may request full payment from the debtor company, so that its survival
up to time S is what really matters in the evaluation of the revenue-based zero-coupon
bond, without any need to account for the client’s default risk.
Let us denote the value at time t of this revenue-based zero-coupon bond by H(V, r, λ, t, T, S):
it is the solution of PDE (12) with terminal condition equal to the pay-out. The solution can
be expressed as an expectation under the risk-neutral measure Q:

H(V, r, λ, t, T, S) = EQ
[

e−
∫ S

t r(s)dsωV(T)1{τ>S}

]
.

The expected value H(V, r, λ, ξ, t, T, S) is

H(V, r, λ, ξ, t, T, S) = HFRA(t, T, S) = ωP(r, t, S)VtSP(t, S)e(µ−πV)(T−t), (14)

where P(r, t, S) and SP(t, S) are the same functions provided above for the Base case.
The proof in the Appendix A.1.

3.2.2 Limited Recourse Clause

When the RBF contract provides only for Limited Recourse, we need to consider only the
case when the repayment is made by assigning to the lender the invoices issued by the
debtor company during the reference period. This is addressed in what follows.

Assignment of Invoices
As before, we define the revenue-based zero-coupon bond as an asset paying a fraction ω

of the revenues at time V(T): the pay-out is given by the payment of one or more invoices
by the representative client company; the invoices are issued before T with expiry at time
S ≥ T and they are transferred in T to the lender.
Also in this case, only if the debtor company did not default before T the transfer of the
invoices is possible, but since no recourse is allowed if the client defaults, only its survival
between time T, when the invoices are assigned, and time S, when they are paid. So,
the debtor’s default is relevant only if it happens between the evaluation time t and the
assignment time T, whereas the client’s default is relevant between T and S.
The solution of the PDE (12) is expressed as an expectation under the risk-neutral measure
Q:

H(V, r, λ, t, T, S) = EQ
[

e−
∫ S

t r(s)dsωV(T)1{τc>S|τc>T}

]
.

The expected value H(V, r, λ, ξ, t, T, S) is

H(V, r, λ, ξ, t, T, S) = HLRA(t, T, S)

= ωVtP(r, t, S)N(λ, t, T)M(ξ, t, T, S).
(15)

The quantity P(r, t, S) and N(λ, t, T) are the functions provided above, whereas the quantity
M(ξ, t, T, S) is the survival probability of the client company in the period [T, S]:

M(ξ, t, T, S) = SPc(T, S) = E(T, S)e−ξ(t) ηF(T,S)e
−κξ (T−t)

η+F(T,S) ,
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E(T, S) =

 2ψe
(κξ+ψ+πξ )(S−T)

2

(κξ + ψ + πξ)
(
eψ(S−T) − 1

)
+ 2ψ


2κξ θξ

σ2
ξ

(
η

η + F(T, S)

) 2κξ θξ

σ2
ξ ,

F(T, S) =
2
(

eψ(S−T) − 1
)

(κξ + ψ + πξ)
(
eψ(T−S) − 1

)
+ 2ψ

,

η =
2(κξ + πξ)

σ2
ξ (1 − e−(κξ+πξ )(S−t))

, ψ =
√(

κξ + πξ

)2
+ 2σ2

ξ .

When the client is a specific company and not a generic client company, M(ξ, t, T, S)
modifies as:

M(ξ, t, T, S) =
SPc(t, S)
SPc(t, T)

.

The proof is in the Appendix A.1.

3.3 Revenue-Based Bond

A revenue-based bond is a claim depending on the future stream of revenues of the debtor
company. The stream may vary depending on the terms of the contract that we analysed
earlier.
The amount Rt0 , defined at time t0 (which is also the evaluation time), must be reimbursed
in variable and stochastic instalments equal to a fraction ω of the future revenues at
times, until the amount is fully repaid. At any future date ti, i ∈ {1, . . . , n∗, N}, Rti is the
outstanding balance to be repaid, with Rtn∗ = 0 (i.e., the outstanding balance is fully repaid
by the fraction of the revenues). If a term date tN is set, then the outstanding amount is
fully repaid on that date, so also in this case RtN = 0. Clearly, it is possible that the debt is
repaid earlier than the term date, i.e.: tn∗ ≤ tN . The repayment may or may not be made by
assigning invoices to the buyer of the bond (the lender), and the contract may provide for
the Full or Limited Recourse clause.
It should be noted that the last date tn∗ cannot be known with certainty if a term date is
not set in the contract, since the full repayment of the debt depends on the future level of
revenues.
Finally, we will also consider the possibility that the contract provides for a revenue floor,
so that on each date ti, repayment occurs only if the revenues of the reference period are
greater than a given amount Z, i.e., V(ti) > Z.
As we did for the revenue-based zero-coupon bond, we will present evaluation formulae
for the different RBF contract terms.

3.3.1 Full Recourse Clause

Base Case
The stream of cash flows of a revenue-based bond is the sum of the fraction ω of future
revenues referring to the reference periods ending on dates {t1, t2, . . . , tn∗ , tN}; each payment
reduces the outstanding debt. At any time ti, the payment is simply the outstanding debt
if this is smaller than the fraction of revenues that should be paid. On the other hand, if
ti is also the term date tN for the repayment, the cash flow is again the outstanding debt,
regardless of how much the fraction of revenues equals at that time. Additionally, on each

www.iasonltd.com 15
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repayment date ti, revenues must be above the floor Z. Formally, considering all this, the
cash flow Kti at time ti can be written:

Kti =min
[
ωV∗(ti), Rti−1

]
1{V(ti)>Z}

+

[
Rti−1 − min

[
ωV∗(ti), Rti−1

]]
1{ti=tN}

=

[
ωV∗(ti)− max

[
ωV∗(ti)− Rti−1 , 0

]]
1{V(ti)>Z}

+

[
Rti−1 −

[
ωV∗(ti)

+ max
[

ωV∗(ti)− Rti−1 , 0
]]

1{V(ti)>Z}

]
1{ti=tN},

where Rti−1 is the amount of the outstanding debt at time ti−1. By setting Rt0 equal to
the initial amount lent to the debtor company, the outstanding debt at any time ti can be
recursively calculated as:

Rti =Rti−1 − Kti .

It should be noted that the quantity Kti , and hence Rti , are stochastic, since they depend
on the volume of revenues generated by the business activity of the debtor. We are not
considering any default risk for the moment, as we want to ascertain how long it takes to
repay the debt given the revenues generated in the future. The expected payment Kti is:

EQ[Kti ] =EQ
[

min
[
ωV∗(ti), Rti

]
1{V(ti)>Z}

]
+

[
Rti−1 − min

[
ωV∗(ti), Rti−1

]
1{V(ti)>Z}

]
1{ti=tN}

]
= EQ

[[
ωV∗(ti)− max

[
ωV∗(ti)− Rti−1 , 0

]]
1{V(ti)>Z}

+

[
Rti−1 −

[
ωV∗(ti)+

max
[
ωV∗(ti)− Rti−1 , 0

]]
1{V(ti)>Z}

]
1{ti=tN}

]
,

(16)

which can be explicitly computed as:

EQ[Kti ] =

[
ωV(t0)e(µ−πV)(ti−t0) −O(V∗(ti), Rti−1 , t0, ti)

]
PF(t0, ti)

−
[

EQ[Rti−1 ] +

[
ωV(t0)e(µ−πV)(ti−t0)

−O(V∗(ti), Rti−1 , t0, ti)

]
PF(t0, ti)

]
1{ti=tN},

(17)

where

O(V∗(ti), Rti−1 , t0, ti) = EQ

[
max

[
ωV∗(ti)− Rti−1 , 0

]]
. (18)

The solution to (18) is based on the Black&Scholes pricing formula for a call option, and it
is:

O(V∗(ti), Rti−1 , t0, t) =
[
ωV∗(t0)e[µ−πV ](ti−t0)N(d1)− Rti−1 N(d2)

]
, (19)
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with N(x) is the normal distribution function in x and

d1 =
ln ωV∗(t0)

Rti−1
+ [µ − πV + 1

2 σ2
v ](ti − t0)

σv
√

ti − t0
, d2 = d1 − σv

√
ti − t0.

The quantity PF(t0, ti) is the (risk-neutral) probability calculated at t0 that the revenues at
the end of the reference period ti are higher than the floor Z. The explicit formula is:

PF(t0, ti) = EQ

[
V(ti) > Z

]
= N(d3), (20)

with

d3 =
ln V∗(t0)

Z + [µ − πV − 1
2 σ2

v ](ti − t0)

σv
√

ti − t0
.

The expected outstanding amount Rti is then simply:

EQ[Rti ] = EQ[Rti−1 − Kti ], (22)

recursively computed. For the valuation of the bond below, the date tn∗-the date when the
outstanding debt becomes nil and is fully repaid-is calculated by means of equations (17)
and (22). These are used for all cases of RBF contracts we are analysing.
The expected present value at time t0 of the stream of cash flows is the value of a revenue-
based bond, defined as:

BFR(Rt0 , t0, t1, tN) = EQ

[
N

∑
i=1

e−
∫ ti

t0
r(s)dsKti 1{τ>ti}

]
, (23)

where t1 is the first date when repayment starts and tN is the term date (if no term date
is set, then tN = ∞, so that the summation ends at tn∗ , or the earliest time when the
outstanding balance of the debt is fully repaid, Rtn∗ = 0). It is worth noting that the debt
may be fully repaid before the term date tN , so that some addends of the summation will
be nil. The value BFR(Rt0 , t0, t1, tN) should correspond to the amount actually lent to the
debtor company at time t0, given the contract terms. This bond does not pay any coupon,
but only stochastic instalments, depending on the revenues, that are used to repay Rt0 . The
interest rate and the compensation for credit risk are implicit in the difference between the
lent amount B(Rt0 , t0, t1, s) and the amount Rt0 that must be repaid.
By calculating the expectations, we get the explicit formula:

BFR(Rt0 , t0, t1, tN) =
N

∑
i=1

[[
HFR(t0, ti)

− P(r, t0, ti)O(V∗(ti), Rti−1 , t0, ti)
]
PF(t0, ti)SP(t0, ti)

]
+ P(r, t0, tN)

[
EQ[RtN−1 ]−

[
HFR(t0, tN−1)

−O(V∗(tN), RtN−1 , t0, tN)
]
PF(t0, ti)

]
SP(t0, tN).

(24)
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Assignment of Invoices
The stream of cash flows of a revenue-based bond is the same as above: in this case, tn∗

is the earliest between the time when the outstanding balance of the debt is fully repaid,
Rtn∗ = 0, and the term date tN , when the outstanding balance must be paid in full anyway.
Compared with the base case, the only difference lies in the occurrence of the cash flows,
each one at a period s after the relevant end date of the reference period (for simplicity’s
sake, s is constant but it can be made also variable without any substantial change to the
formulae below). The invoices are still related to the revenues generated in each reference
period.
Equations (17) and (22) are used to calculate the expected repayments and outstanding debt
at each period, and the date tn∗ when the debt is expected to be fully repaid. The valuation
formula should be modified in two ways: first, the discount of the expected cash flows is
between t0 (the evaluation date) and the payment dates {t1 + s, t2 + s, . . . , tn∗ + s, tN + s};
second, the debtor’s survival probability is also calculated up to the payment dates, since it
is liable for the payment in case the client misses the payment. All the remaining terms are
the same as in the base case.
The value of the revenue-based bond is the expected present value at time t0:

BFRA(Rt0 , t0, t1, tN , s) = EQ

[
N

∑
i=1

e−
∫ ti+s

t0
r(s)dsKti 1{τ>ti+s}

]
,

and the explicit evaluation formula is:

BFRA(Rt0 , t0, t1, tN , s) =
n∗

∑
i=1

[[
HFRA(t0, ti, ti + s)

− P(r, t0, ti + s)O(V∗(ti), Rti−1 , t0, ti)
]
PF(t0, ti)SP(t0, ti + s)

]
+

[
P(r, t0, tN + s)EQ[RtN−1 ]−

[
HFRA(t0, tN , tN + s)

− P(r, t0, tN + s)O(V∗(tN), RtN−1 , t0, tN)
]
PF(t0, ti)

]
SP(t0, tN + s).

(25)

3.3.2 Limited Recourse Clause

As before, only the case when invoices are assigned has to be considered.

Assignment of Invoices
The stream of cash flows of a revenue-based bond is the sum of the fraction ω of future
invoices issued in the reference periods and paid at the expiry dates, assumed to be a
constant interval s after the ending dates {t1, t2, . . . , tn∗ , tN} of the reference periods. This
time, we consider that the debtor company survives up to the ending dates of the reference
periods {t1, t2, . . . , tn∗ + s, tN}, and that the representative client company survives between
each ending period and the payment date [ti, ti + s], for i ∈ {1, . . . , n∗, N}.
Equations (17) and (22) are also used in this version of the RBF contract, whereas the value
of the revenue-based bond is:

BLRA(Rt0 , t0, t1, tN , s) = EQ

[
N

∑
i=1

e−
∫ ti+s

t0
r(s)dsKti 1{τ>ti}1{τc>ti+s|τc>ti}

]
.
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TABLE 3: Parameters of the risk factors’ dynamics.
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FIGURE 1: Interest rates and revenues.

The explicit value is then:

BLRA(Rt0 , t0, t1, tN , s) =
n∗

∑
i=1

[[
HLRA(t0, ti, ti + s)

− P(r, t0, ti + s)O(V∗(ti), Rti−1 , t0, ti)
]
PF(t0, ti)SP(t0, ti)SPc(ti, ti + s)

]
+ P(r, t0, tN + s)

[
EQ[RtN−1 ]−

[
HLRA(t0, tN , tN + s)

−O(V∗(tN), RtN−1 , t0, tN)
]
PF(t0, ti)

]
SP(t0, tN)SPc(tN , tN + s).

(26)

4. Application of the Framework

We apply the framework outlined above to a simulated environment. The parameters used
for the dynamics of the risk factors introduced in Section 2 are shown in Table 3. Figure
1 shows the resulting risk-free zero-rate term structure and the evolution of the expected
revenues over a 20-year horizon; Table 8 in Appendix A.2 shows also the values of the
revenues generated by different values of the drift parameter µ. The term structures of
the (conditional) 1-year default probability for the debtor company and the representative
client company are shown in Figure 2. A final note on the market risk parameters: we set
only the parameter for the revenues πV = 3.0%, whereas we assume that for all others risk
factors they are equal to 0.
Given this set of parameters, we will now price the value of a revenue-based bond under
different assumptions for the drift µ of the revenue dynamics in Equation (5). This
represents the expected annual percentage variation of the revenues in the reference period.
We start by analysing a revenue-based contract in the base case with full recourse: in Table
4, we show the main contract terms and the value of the revenue-based bond, the yield to
maturity, the multiple of the initial lent amount (i.e., the value of the bond) that must be
repaid by the debtor, and the duration of the bond.

www.iasonltd.com 19



Research Paper Series

2.80%

2.90%

3.00%

3.10%

3.20%

3.30%

3.40%

1 2 3 4 5 6 7 8 9 1011121314151617181920

(a) One-year default rates’ curve of the debtor
company.

4.00%

4.20%

4.40%

4.60%

4.80%

5.00%

1 2 3 4 5 6 7 8 9 1011121314151617181920

(b) One-year default rates’ curve of the client
company.

FIGURE 2: Default rates.

TABLE 4: Contract terms and value of a revenue-based bond with risk and yield metrics in the base case
contract with no term date and with no revenues’ floor.

The terms of the contracts are the same under all possible values of the drift µ: the lender
has the right to receive a fraction ω = 20% of the revenues generated in each future
reference period, assuming current revenues V(t0) = 100,000.00. The contract provides for
no term date and no floor on the revenues below which repayment does not occur.
The results show that the present value of the revenue-based bond (which is the fair amount
that the lender should grant to the debtor company at the start of the revenue-based
contract) increases with the value of the drift µ. On the other hand, the duration is inversely
related to the level of µ, whereas the yield to maturity2 and the multiple are quite stable. In
Figure 3, the expected repayments Kti and the expected outstanding debt Rti are shown for
the different levels of µ. In Table 9 in Appendix A.2, we show the values of the expected
repayments and outstanding debt.
Next, we investigate the value of the revenue-based bond under different assumptions for
the expected revenue growth rate µ, by adding a new term to the contract: a floor set at
80,000.00. If the revenues fall below this level, no repayment occurs. Table 5 and Figure 4
show the results as before.
It is interesting to analyse the case when the revenue growth rate is negative, −5.0%. As
shown in Figure 4, and confirmed by Table 10 in Appendix A.2, the expected repayment
stops after five years because expected revenues remain below the floor of 80,000.00.

2The yield to maturity is calculated in the usual way as the single rate that equates the (compound)
discounted expected cash flows to the value of the bond.
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FIGURE 3: Expected repayments and outstanding debt amounts for different levels of the drift parameter µ, in
the base case contract with no term date and no revenues’ floor.

TABLE 5: Contract terms and value of a revenue-based bond with risk and yield metrics in the base case
contract with no term date and with a revenues’ floor.

Consequently, the multiple of 2.73 on the value of the bond (36,638.30) is never fully repaid.
Despite this partial recovery of the expected repaid amount (100,000.00), the lender does
not suffer a negative return on the investment. In fact, it earns a total expected cash flow of
40,878.00, corresponding to an expected positive yield of 6.48%. The framework accounts
for the decline in revenues and the floor, and sets the value of the revenue-based bond
at 36,638.30, with a very high multiple. These evaluation outcomes make the investment
profitable for the lender on an expectation basis.
Partial recovery of the multiple amount also occurs under the assumption of a revenue
growth rate of 0.0%. In this case, the floor is never breached, so repayments never stop.
Nonetheless, the percentage ω = 20% of revenues, given their expected future evolution,
is not sufficient to fully repay the multiple amount. Again, this does not imply that the
lender’s expected return on the investment is negative; on the contrary, the framework
will provide results that keep practically constant the expected yield-to-maturity under all
circumstances.
Finally, we examine the case where the contract provides for a term date of five years
and a floor set at 80,000.00. Table 6 and Figure 5 show the results. The floor does not
affect the full repayment in this case, since at the end of year 5 the entire outstanding debt
must be reimbursed by the debtor company. The duration and the yield to maturity of
the investment are not substantially different from the case where no term date and no
floor applied. Thus, the introduction of a term date almost completely eliminates the effect
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FIGURE 4: Expected repayments and outstanding debt amounts for different levels of the drift parameter µ, in
the base case contract with no term date and with a revenues’ floor.

TABLE 6: Contract terms and value of a revenue-based bond with risk and yield metrics in the base case
contract with a term date and with a revenues’ floor.

of the floor on the risk and return metrics of the investment, although the floor may still
be relevant to the debtor company as it can mitigate cash outflows in the event of steeply
declining revenues. For the exact values of the expected repayments and outstanding
amounts, see Table 11 in Appendix A.2.
The two remaining cases of contracts are left to analyse, i.e., full recourse with assignment
of invoices and limited recourse with assignment of invoices. In Table 7, we show the main
results for the case where µ = 5.0%, and no term date or revenue floor applies. It is easy to
verify that there is only a small difference in the value of the revenue-based bond, while
the other metrics are almost identical across all contract types. We will not reproduce the
detailed analysis for these two cases, as, all else being equal, the results are essentially the
same as in the base case.
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FIGURE 5: Expected repayments and outstanding debt amounts for different levels of the drift parameter µ, in
the base case contract with a term date and with a revenues’ floor.

TABLE 7: Contract terms and value of a revenue-based bond with risk and yield metrics for the three types of
contracts.

5. Conclusions

We presented an evaluation framework for revenue-based contracts. We included several
common contract terms observed in practice, and we also considered a less common case
that we deem interesting: the assignment of invoices related to the revenues of the relevant
reference period. The framework is sufficiently rich to capture the main risks in all possible
variations of the contract terms, yet it remains tractable, with all formulae expressed in
closed form.
The availability of a framework such as the one we presented allows for proper assessment
of the financial and credit risks borne by the lender. This should also attract more investors
to this alternative lending space, thereby enlarging funding opportunities for small and
medium-sized enterprises.
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A. Annex

A.1 Proof of the Formulae for the Price of a Revenue-Based Zero-Coupon Bond

A.1.1 Full Recourse Clause

Base Case
The price at time t of a revenue-based zero-coupon bond H(t, T) expiring in T, is the
solution of the PDE (12) with terminal condition H(V, r, λ, T, T) = ωV(T). It is well known
that the solution can be represented as an expectation3 (under the risk-neutral measure Q):

H(V, r, λ, t, T) = EQ
[

e−
∫ T

t r(s)dsωV(T)1{τ>T}

]
.

For an explicit solution, let us try with a function of the type: H(V, r, λ, t, T) = VP(r, t, T)N(λ, t, T)ω,
with terminal condition P(r, T, T) = 1, N(λ, T, T) = 1. By replacing it in the PDE (12) and
simplifying the notation, we get:

1
2

σ2
r rPrrVNω +

1
2

σ2
λλNλλVPω

+ (µ − πV)VNPω + [κr(θr − r)− πrrPrVPω

+ [κλ(θλ − λ)− πλλ]NλVPω + PtVNω + NtVPω

− λVPNω − rVPNω = 0.

(27)

We can split the PDE (34) in three PDE’s, each one equation to 0. The first one collects all
the terms where the risk factor λ is involved; after dividing by VPω we get:

1
2

σ2
λλNλλ + [κλ(θλ − λ)− πλλ]Nλ + Nt − λN + (µ − πV)N = 0. (28)

The solution is derived by imposing the terminal condition N(λ, T, T) = 1, so that as an
expectation it is:

N(λ, t, T) = EQ
[

1τ>Te−
∫ T

t (µ−πV)ds
]

= EQ
[

e−
∫ T

t −λ(s)ds
]

e(µ−πV)(T−t).

It is straightforward to note that the expectation is the price of a interest rate zero-coupon
bond where the discounting is given by the process λ(s). By exploiting the result in Cox,
Ingersoll and Ross [3], and by considering that if λ follows the mean reverting square-root
process (8), then the solution is:

N(λ, t, T) = C(t, T)e−λ(t)D(t,T)e(µ−πV)(T−t),

with C(t, T) and D(t, T) provided in the main text. We also stress that N(t, T) takes
into account the survival probability of the debtor company up to time T with the terms
SP(t, T) = C(t, T)e−λ(t)D(t,T); the second exponential e(µ−πV)(T−t) considers the remaining
part of the drift of the revenues.

3See for example Friedman [5], Theorem 5.2.
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The second PDE collects all the terms in the PDE (34) that involve the risk factor r; dividing
by VNω we get:

1
2

σ2
r rPrr + [κr(θr − r)− πrr]Pr + Pt − rP = 0, (29)

with terminal condition P(r, S, S) = 1, whose solution as en expectation is:

P(r, t, T) = EQ
[

e−
∫ T

t r(s)ds
]

.

The explicit solution is in the main text and it is the price of a zero-coupon bond provided
in Cox, Ingersoll and Ross [3]. The explicit solution is in the main text.

Assignment of Invoices
The price at time t of a revenue-based zero-coupon bond H(V, r, λ, t, T, S) expiring in S,
when invoices issued in the reference period ending in T are paid, is the solution of the
PDE (12) with terminal condition H(V, r, λ, S, T, S) = ωV(T). It is well known that the
solution can be represented as an expectation4)under the risk-neutral measure Q):

H(V, r, λ, t, T, S) = EQ
[

e−
∫ S

t r(s)dsωV(T)1{τ>S}

]
.

The explicit solution is very similar to the Base case, with the only difference given by the
expiry of the discount factor and the survival of the debtor company up to the expiry S.
The solution is

H(V, r, λ, t, T, S) = VP(r, t, S)SP(t, S)e(µ−πV)(T−t)ω.

The proof follows the same steps as above, with the terminal conditions P(r, S, S) = 1,
N(λ, S, S) = 1. In the main text the explicit formula is provided.

A.1.2 Limited Recourse Clause

Assignment of Invoices
The price at time t of a revenue-based zero-coupon bond H(V, r, λ, T, T, S) expiring in S,
when invoices issued in the reference period ending in T are paid, is the solution of the
PDE (12) with terminal condition H(V, r, λ, S, S, S) = ωV(S). It is well known that the
solution can be represented as an expectation5)under the risk-neutral measure Q):

H(V, r, λ, t, T, S) = EQ
[

e−
∫ S

t r(s)dsωV(T)1{τc>S|τc>T}

]
.

As a solution, let us try again with a function of the type: H(V, r, λ, t, T, S) = VP(r, t, S)N(λ, t, T)
M(ξ, t, T, S)ω, with terminal conditions P(r, S, S) = 1, N(λ, T, T) = 1 and M(ξ, t, S, S). By
replacing it in the PDE (12) and simplifying the notation, we get:

1
2

σ2
r rPrrVNMω +

1
2

σ2
λλNλλVPMω +

1
2

σ2
ξ ξMξξVPN

+ (µ − πV)VNPMω + [κr(θr − r)− πrrPrVPMω

+ [κλ(θλ − λ)− πλλ]NλVPMω + [κξ(θξ − r)− πξξ]MξVPNω

+ PtVNMω + NtVPMω + MtVPNω

− λVPNMω − ξVPNMω − rVPNMω = 0.

(30)

4See for example Friedman [5], Theorem 5.2.
5See for example Friedman [5], Theorem 5.2.
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We can split the PDE (34) in three PDE’s, each one equation to 0. The first one collects all
the terms where the risk factor λ is involved; after dividing by VPMω we get:

1
2

σ2
λλNλλ + [κλ(θλ − λ)− πλλ]Nλ + Nt − (1 + α)λN + (µ − πV)N = 0. (31)

The solution is derived by imposing the terminal condition N(λ, T, T) = 1, and it is the
same as seen before in the Base case, with the explicit formula in the main text.
The second PDE collects all the terms in the PDE (34) that involve the risk factor r; dividing
by VMNω we get:

1
2

σ2
r rPrr + [κr(θr − r)− πrr]Pr + Pt − rP = 0, (32)

with terminal condition P(r, S, S) = 1. Once again, the solution is tha same as above and
the explicit formula provided in the main text.
The third PDE collects all the terms in the PDE (34) that involve the risk factor ξ, which
after dividing by VPNω we get:

1
2

σ2
ξ ξMξξ + [κξ(θξ − r)− πξ ]Mξ + Mt − ξM = 0, (33)

with terminal condition M(ξ, S, S, S) = 1. The solution expressed as an expectation is:

M(ξ, t, T, S) = EQ
[

1{τc>S|τc>T}

]
= EQ

[
e−

∫ S
T ξ(s)ds

]
.

It should be noted that M(ξ, t, T, S) is the survival probability of the generic client company
that pays the invoice. As such, we do not refer to a specific company and we can be sure
that there is always a surviving generic company whose invoices are transferred to the
lender. That means that the default process is in practice memoryless and we do not need
to condition on the survival of the company up to time T.
The solution is the price of a zero-coupon futures price, derived by Cox, Ingersoll and Ross
[4] and explicitly provided in the main text.
In some types of contracts we are not considering a generic client but a specific company,
so that the default process cannot memoryless: in this case need to calculate the survival
probability up to time S conditioned to he survival up to time T, s that:

M(ξ, t, T, S) =
SPc(t, S)
SPc(t, T)

.

The solution for SPc(t, S) is the same derived above for the survival probability of the
debtor company SP(t, T), where parameters of the client’s default intensity ξ replace those
of the debtor’s default intensity λ.
The price at time t of a revenue-based zero-coupon bond H(V, r, λ, T, T, S) expiring in S,
when invoices issued in the reference period ending in T are paid, is the solution of the
PDE (12) with terminal condition H(V, r, λ, S, S, S) = ωV(S). It is well known that the
solution can be represented as an expectation6)under the risk-neutral measure Q):

H(V, r, λ, t, T, S) = EQ
[

e−
∫ S

t r(s)dsωV(T)1{τ>S}

]
.

The explicit solution is very similar to the Base case, with the only difference given by
the expiry of the discount factor and the survival of the debtor company up to th

6See for example Friedman [5], Theorem 5.2.
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expiry S. For an explicit solution, let us try with a function of the type: H(t, T) =

VP(r, t, T)N(λ, t, T)M(ξ, t, T, S)ω, with terminal condition P(r, S, S) = 1, N(λ, T, T) = 1
and M(ξ, S, S, S) = 1. By replacing it in the PDE (12) and simplifying the notation, we get:

1
2

σ2
r rPrrVNMω +

1
2

σ2
λλNλλVPMω +

1
2

σ2
ξ ξMξξVPN

+ (µ − πV)VNPMω + [κr(θr − r)− πrrPrVPMω

+ [κλ(θλ − λ)− πλλ]NλVPMω + [κξ(θξ − r)− πξξ]MξVPNω

+ PtVNMω + NtVPMω + MtVPNω

− λVPNMω − ξVPNMω − rVPNMω = 0.

(34)

We can split the PDE (34) in three PDE’s, each one equation to 0. The first one collects all
the terms where the risk factor λ is involved; after dividing by VPMω we get:

1
2

σ2
λλNλλ + [κλ(θλ − λ)− πλλ]Nλ + Nt − (1 + α)λN + (µ − πV)N = 0. (35)

The solution is derived by imposing the terminal condition N(λ, T, T) = 1, so that as an
expectation it is:

N(λ, t, T) = EQ
[

1τ>Te−
∫ T

t (µ−πV)ds
]

= EQ
[

e−
∫ T

t −λ(s)ds
]

e(µ−πV)(T−t).

It is straightforward to note that the expectation is the price of a interest rate zero-coupon
bond where the discounting is given by the process λ(s). By exploiting the result in Cox,
Ingersoll and Ross [3], and by considering that if λ follows the mean reverting square-root
process (8), then the solution is:

N(λ, t, T) = C(t, T)e−λ(t)D(t,T)e(µ−πV)(T−t),

with C(t, T) and D(t, T) provided in the main text. We also stress that N(t, T) takes
into account the survival probability of the debtor company up to time T with the terms
SP(t, T) = C(t, T)e−λ(t)D(t,T); the second exponential e(µ−πV)(T−t) considers the remaining
part of the drift of the revenues.
The second PDE collects all the terms in the PDE (34) that involve the risk factor r; dividing
by VMNω we get:

1
2

σ2
r rPrr + [κr(θr − r)− πrr]Pr + Pt − rP = 0, (36)

with terminal condition P(r, S, S) = 1, whose solution as en expectation is:

P(r, t, S) = EQ
[

e−
∫ S

t r(s)ds
]

.

The explicit solution is in the main text and it is the price of a zero-coupon bond provided
in Cox, Ingersoll and Ross [3].
The third PDE collects all the terms in the PDE (34) that involve the risk factor ξ, which
after dividing by VPNω we get:

1
2

σ2
ξ ξMξξ + [κξ(θξ − r)− πξ ]Mξ + Mt − ξM = 0, (37)
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with terminal condition M(ξ, S, S, S) = 1. The solution expressed as an expectation is:

M(ξ, t, T, S) = EQ
[

1{τc>S|τc>T}

]
= EQ

[
e−

∫ S
T ξ(s)ds

]
.

It should be noted that M(ξ, t, T, S) is the survival probability of the generic client company
that pays the invoice. As such, we do not refer to a specific company and we can be sure
that there is always a surviving generic company whose invoices are transferred to the
lender. That means that the default process is in practice memoryless and we do not need
to condition on the survival of the company up to time T.
The solution is the price of a zero-coupon futures price, derived by Cox, Ingersoll and Ross
[4] and explicitly provided in the main text.
In some types of contracts we are not considering a generic client but a specific company,
so that the default process cannot memoryless: in this case need to calculate the survival
probability up to time S conditioned to the survival up to time T, i.e.:

EQ
[

1{τc>S|τc>T}

]
= P(1{τc>S|τc>T}) =

P(1{τc>S})

P(1{τc>T})
=

EQ
[

1{τc>S}

]
EQ

[
1{τc>T}

] ,

so that:

M(ξ, t, T, S) =
SPc(t, S)
SPc(t, T)

.

The solution for SPc(t, S) is the same derived above for the survival probability of the
debtor company SP(t, T), where parameters of the client’s default intensity ξ replace those
of the debtor’s default intensity λ.
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A.2 Revenues, Expected Repayments and Oustanding Debts

TABLE 8: Projection of expected revenues.
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TABLE 9: Expected repayments and outstanding debt amounts for different levels of the drift parameter µ, in
the base case contract with no term date and no revenues’ floor.
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TABLE 10: Expected repayments and outstanding debt amounts for different levels of the drift parameter µ, in
the base case contract with no term date and with a revenues’ floor.
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TABLE 11: Expected repayments and outstanding debt amounts for different levels of the drift parameter µ, in
the base case contract with a term date and with a revenues’ floor.

www.iasonltd.com 33



Iason is an international firm that consults
Financial Institutions on Risk Management.

Iason is a leader in quantitative analysis and
advanced risk methodology, offering a unique
mix of know-how and expertise on the pricing

of complex financial products and the
management of financial, credit and liquidity

risks. In addition Iason provides a suite of
essential solutions to meet the fundamental

needs of Financial Institutions.

1


	An Overview of Revenue-Based Finance
	Modelling the Revenues of the Debtor Company and Other Relevant Risk Factors
	Evaluation of Revenue-Based Claims
	The PDE of Revenue-Based Claims
	Revenue-Based Zero-Coupon Bond
	Full Recourse Clause
	Limited Recourse Clause

	Revenue-Based Bond
	Full Recourse Clause
	Limited Recourse Clause


	Application of the Framework
	Conclusions
	Annex
	Proof of the Formulae for the Price of a Revenue-Based Zero-Coupon Bond
	Full Recourse Clause
	Limited Recourse Clause

	Revenues, Expected Repayments and Oustanding Debts


